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On the semi-local convergence of the
Homeier method in Banach space for solving
equations

Samundra Regmi?, loannis K. Argyros” Santhosh George® and
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In this paper we consider the semi-local convergence analysis of the Homeier method for solving nonlinear equation in
Banach space. As far as we know no semi-local convergence has been given for the Homeier under Lipschitz conditions.
Our goal is to extend the applicability of the Homeier method in the semi-local convergence under these conditions. We
use majorizing sequences and conditions only on the first derivative which appear on the method for proving our results.
Numerical experiments are provided in this study.
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1. Introduction

We consider the nonlinear equation

G(x) =0, (1.1)

where G : Q C B —» By is an operator acting between Banach spaces B and B; with ©Q # ). In general a closed form solution
for (1.1) is not possible, so iterative methods are used for approximating a solution x. of (1.1). Many iterative methods are
studied for approximating x. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].

In this study, we consider the Homeier method, defined for n=10,1,2, ..., by
_ 1 / -1
Yo = Xn— 59 (Xn) "G (Xn),
Xp+1 = Xnp — g/(yn)_lg(xn)- (12)

The local convergence of the Homeier method was shown to be of order three using Taylor expansion and assumptions on

the fourth order derivative of G, which is not on these methods [13]. So, the assumptions on the fourth derivative reduce the

applicability of these methods [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].
For example: Let B = B; = R, Q = [-0.5, 1.5]. Define X on 2 by

[ logt? +1t>—t* if t#0,
Mt)_{ 0 if t=0.

Then, we get t* =1, and
N"(t) = 6log t* + 60t° — 24t + 22.
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Obviously X”(t) is not bounded on Q. So, the convergence of method (1.2) is not guaranteed by the previous analyses in
[1,2,3,4,5,6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].

In this study we introduce a majorant sequence and use general continuity conditions to extend the applicability of Homeier
method. Our analysis includes error bounds and results on uniqueness of x. based on computable Lipschitz constants not given
before in [1, 2, 3, 4, 5, 6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] and in other similar
studies using Taylor series. Our idea is very general. So, it applies on other methods too.

The rest of the study is set up as follows: In Section 2 we present results on majorizing sequences. Sections 3,4 contain the
semi-local and local convergence, respectively, where in Section 4 the numerical experiments are presented. Concluding remarks
are given in the last Section 5.

2. Majorizing Sequences

Let 4o > 0,4 > 0, n > 0 be given parameters with £y < £. Consider sequences {t,}, {sn} as

to = 0,%=mn
20(1 + Loty) 2 (sn—ta)(1+ Loty)
th = n n— tn )
+ St T )@ —ts) "t T 1 g
£(2(sn — tn) + (tar1 — ta))
n = tn — tn), 2.1
Sn+1 +1+ 4(1 — otorr) (tn+1 ) (2.1)
= Lo, if n=20
Wheree‘{ ¢, ifn=12..
Next, we present convergence results for sequences {t,}.
LEMMA 2.1 Suppose: Sequence {t,} satisfies
1
th <sp < — (2.2)

I8

Then, sequences {t,} converge to its unique least upper bound t* € [0, i]

Proof. Sequences {t,} is nondecreasing by (2.2), bounded from above by i and as such it converges to t*.

O
3. Semi-local convergence
The hypotheses (H) shall be used. Suppose:
(H1) There exists xo € Q and n > 0 such that G'(x) ! exists and
16" (o) G (x0) || < .
(H2)
16" (x0) (G (v) = G (o)) | < £ollv — x|
for all v € Q. Set Qo = QN U(xo, %)
(H3)
I1G'(x0) (G (W) = G'(V)I| < Lllw — v
for all v, w € Q.
(H4) Hypotheses of Lemma 2.1 hold.
and
(H5) Ulxo, t¥] C Q.
Next, the semi-local convergence follows.
THEOREM 3.1 Suppose the hypotheses (H) hold. Then, the following items hold
{xa} € U(x0, t7) 3.1)
1% = xall < t" = tn, (3.2)

for some x* € Ulxo, t*] and F(x*) = 0.
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Proof. Mathematical induction is used to show
llyk — xkll < sk — tx (3.3)

and
IXks1 — yill < trrr — sk (3.4)

By method (1.2) and (H4) one gets

1¥o = xoll = 1G'(x0) 'G(x0) | <Sm=ss—to =so =7 < 1 ﬁﬁ,
so (3.3) holds for n =0 and yo € U(xo, t¥).
Let z € U(xo, t*). Then, using (H2) one obtains
I1G'(x0) (G (2) =Gl < £ollz = ol
< Gt <1, (3.5)
so
1

IG'(2)7'G'(0) (3.6)

I < =7
1—4ol|z — xol|

follows from the Lemma on invertible linear operators due to Banach [17]. Hence, G’ *(v) € L(B1, B) and x; is well defined.

S = et 5@~ G )00 + 200G,

Xl = Yk = %Q'il(Xk)(g'(Yk) =G ()G (1) (=26 (i) (Ve — %)

3G (=20 () 0k — ). (37)
So, by (3.6) (for z = xo, vo), (H2) and the definition of the sequence {t} one gets
e — el < = X«? (1 + Lol xe — xoll) (1 +Lollxk — yrlDllye — xll
(1 = Lollxo = %ol)(1 = Lollyx — xoll) 1 —Lollyx — x|
7 2

B e N RSN

By the second substep of method (1.2)

Gxt1) < Glxt1) — Gvi) — G (i) (o — Xk)

1

- / (G (% + 60xes1 — x0))d8 — G (1)) (s — 0. (3.9)

0
SO
1. 1 P
IVirr — xepall < 5”(9 (xk11) G (%0)G (x0) " G ()|

< Ly —xdl + Ellxrr = XD lIxkrr — xill
-2 1- ZO||Xk+1 - XoH
< L5 — 1) + 5 (e — t) (B — t)
- 2 1 —Lotksr
= Sk+1 — k41, (3.10)

where we also used (3.6) for z = xk+1. Hence, sequence {x,} is complete in Banach space B, s0 limp,— X» = X« € U[xo, t*]. Using
(3.9) we deduce limi—s |G'(%0) "G (Xes1)ll < 2 limi—oo (6(sc — t) + (i1 — te)(tir1 — te) = 0. Hence, by the continuity of
G it follows that G(x.) = 0.

O
A uniqueness of the solution result is presented.
PROPOSITION 3.2 Assume:
(1) x. is a simple solution of (1.1).
(2) There exists T > t* so that
L(t"+7T) < 2. (3.11)

Set Q1 = QN U[x., T]. Then, x. is the unique solution of equation (1.1) in the domain Q.
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Proof. Let g € Q1 with G(q) = 0. Define M = [} G'(q + 6(x. — q))d6. Using (H2) and (3.11) one obtains

1/60) (M = G Ga)ll <8 [ (1~ )la = ol + 61"~ sl < (¢ ) <1,
S0 q = xy, follows from the invertability of M and the identity M(q — x.) = G(q) — G(x) =0—0=0.
Another convergence result can be given if we rewrite method (1.2) as
St = 30— G (%0 — 56/ (x0) G 0x0)) G (x0).

Define parameter

2—4(n+mo) —Lon 2mo —L(n + ?70)77}

ro = min{ A , T

to be determined later and function &
2(n + no)
=6t ) = ——— "/
0= = 30 gt + 1)

Then, we present a second semi-local convergence result for method (1.2).

THEOREM 3.3 Suppose:
(a) There exist xo € 2, mo > 0 such that G'(x, — 3G' (%) 'G(x)) "' € L(B1, B) and

16" (i — 560" G0x0) G0l < 7.

(b) Lom + £(n +7M0) < 2, &(n+ mo)n < 270.
(c) Condition (H1), (H2) and (H3) hold and
(d) U[Xo, fo] c Q.

Then, sequence {x,} generated by (3.12) is well defined in U(xo, ro), remains in U(xo, ro) and converges to a solution x*

of equation G(x) = 0, so that

£([1xn = X1l + 16" Cxn-1) "G xa-1) D 130 — Xo-1 |
B 2(1 = £o(llxn — X0l + 311G (xa-1) G (xa) 1)

lIxa+1 = xall

< OIxn = xn—1l < 8"Ix1 — X0l < 8",
and
. 0"
— x| < —L
HX XUH — 1 _ 6

Proof. As in the proof of Theorem 3.1 we can write

A

G(xkr1) < G(xky1) — G(xx) + G(x«)

= / (G'(xk 4 0(xk41 — X)) dO — G’ (xk — %g/(xk)_lg(xk)))(xlwrl = Xk,

)
G (x0) "G (xisn) I < g(”xk+1 =il 4 116" (o) TG (i) D 1301 — Xl
We also have for x € U(xo, r), r € (0, rp)
G (x0)™H(G" (x — %Q/(X)flg(x)) —G'(0) < Lo(llx —xoll + %HQ’(X)AQ(X)H)

)
2
o+ g) <1,

< eo(l” +

A

by the choice of ry and r, so
1

X < .
S T ol 7 D)

I6'()7"G'(

(3.12)

< U[Xo, I’o]

(3.13)

(3.14)

(3.15)

(3.16)

Copyright (© 2022 Shahid Beheshti University. Comput. Math. Comput. Model. Appl. 2022, Vol. 1, Iss. 1, pp. 63-68



S. Regmi et al. Computational Mathematics and Computer Modeling with Applications
_______________________________________________________________________________________________________________________________________|]

Hence, by method (3.12), (3.15) and (3.16) we obtain (3.13), where we also used

2(8|1xk — xk—1 || + mo) 1x — Xk ]|
2(1 = Lollxk — xoll)

£n+mo)n
2(1—tor) = 517

16" G~ G (xa)l

IN

by (3.16) and the choice of ry. Hence, estimate (3.13) holds, and sequence {xx} is fundamental. So there exists x* € U[xo, o]
such that limg_—,. xk = x*. By letting k — oo in (3.15), we deduce G(x*) = 0. Moreover, let m > 0, then by (3.13)

IXcrm = xcll < Xkem — Xerm-1ll + [ Xem—1 — Xerm—2 + -+ + [ X1 — Xkl
< @ 4+ 6
1—6™
= & 3.18
=5 " (3.18)
By letting m — oo in (3.18) we obtain (3.14).
The uniqueness result for the solution x* is identical to Proposition 3.2.
O

4. Numerical Experiments

We provide some examples in this section.

EXAMPLE 4.1 Define function
h(t) = &t + & + &sinést, xo = 0,

where §j, j = 0,1,2,3 are parameters. Choose o(t) = Lot and ¥(t) = Lt. Then, clearly for & large and & small, LTO can be

small (arbitrarily). Notice that LTO — 0.

EXAMPLE 4.2 Let B = By, = C[0,1] and Q = U[0, 1]. It is well known that the boundary value problem [11].
s(0)=0,(1)=1,
g‘// — _g _ o_gQ

can be given as a Hammerstein-like nonlinear integral equation

s(s)=s+ /1 Q(s, t)(S3(t) + o<?(t))dt
0

where o is a parameter. Then, define G : 2 — B1 by

G0N(E) = x(9) —s5— [ s D) + ox(1))dt.

Choose so(s) = s and 2 = U(so, po). Then, clearly U(so, po) C U(0, po + 1), since ||so|| = 1. Suppose 20 < 5. Then, conditions
(A) are satisfied for
_ 204+ 3p0+6 [ — o+ 6p0+3

8 4

Lo

and n = &2Z. Notice that Lo < L [5].

5. Conclusion

The semi-local convergence of Homeier method of order three is extended using general conditions on G’ and recurrent majorizing
sequences.
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